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Z-Transform Implementation of the Perfectly
Matched Layer for Truncating FDTD Domains

Omar Ramadan, Member, |EEE, and Abdullah Y. Oztoprak, Member, IEEE

Abstract—A simple algorithm for implementing the perfectly
matched layer (PML) is presented for truncating finite difference
time domain (FDTD) computational domains. The algorithm is
based on incorporating the Z-transform method into the PML
FDTD implementation. The main advantage of thealgorithm isits
simplicity as it allows direct FDTD implementation of Maxwell’s
equationsin the PML region. In addition, the formulationsarein-
dependent of the material properties of the FDTD computational
domain. Numerical examples are included to demonstrate the
effectiveness of these formulations.

Index Terms—Finite difference time domain, perfectly matched
layer, Z-transform.

|. INTRODUCTION

HE finite difference time domain (FDTD) method [1] has

been widely used for solving electromagnetic problems.
Recently, the Z-transform method has been incorporated into the
FDTD simulations of frequency dependent media[2], [3]. This
method allows direct discretizations of Maxwell’s equationsin
the time domain and also allows the use of signal processing
theory in the FDTD research.

An important issue for solving open region problems using
the FDTD method is the truncation of the computational do-
main [1]. Berenger’'s split-field perfectly matched layer (PML)
[4] has been shown to be an effective FDTD absorbing boundary
conditions. Different interpretations of Berenger's PML based
on the stretched coordinate PML [5] or the anisotropic PML
[6] approaches have been introduced. Recently, a novel PML
formulation, based on combining the convolution theorem and
the stretched coordinate PML, has been proposed for truncating
genera FDTD domains [7]. A recursive convolution method
similar to [8] has been used to discretize and compute the cor-
responding convolution terms. In [9], the auxiliary differential
equation method has been used for implementing the stretched
coordinate PML without the need for computing the convolu-
tional terms introduced in [7].

In this paper, an alternative technique using the Z-transform
method is incorporated into the FDTD implementation of the
stretched coordinate PML. The main advantage of this method
isitssimplicity, asit alowsdirect FDTD implementation of the
Maxwell’s equationsin the PML region. In addition, the formu-
lations are implemented using D and B fields rather than the
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conventional E and H formulations. Thisalowsthe PML to be
independent of the material properties of the FDTD computa-
tional domains[10] and can be used for truncating general lossy,
dispersive, anisotropic or nonlinear media. Numerical testshave
been carried out in two-dimensional domainsto validate the pro-
posed method.

Il. FORMULATION

Using the coordinate stretching approach [5], the frequency
domain modified Maxwell’s equations in the PML region can
be written as

V, x H=juD 1)
V,xE=—jwB )

where the operator V, is expressed as
Vo =15, "0y + 3,5, 0, + 6.5 0. 3)

with 9., d,, and @, arethe partial derivatives with respect to «,
y,and z, and S, (n = =, y, ) are called the complex stretched
coordinate variables defined as [5]

)

. (4)

Jweo

S, =1+

where o, isthe conductivity profile along the n-direction in the
PML region. The D and B fieldsin (1) and (2) are given by the
following relations:

D =¢,&.(w)E; B =g, (w)H. (5)
whereg,.(w) and fz,.(w) are, respectively, therelative permittivity
and permeability of the FDTD computational domain. The
advantage of using D and B in the above formulations is that
thePML becomesindependent of thematerial properties(g,.(w),
fir(w)) of the FDTD computational domain [10]. Hence, (1)
and (2) can be used for truncating general domains, such as
lossy, dispersive, anisotropic or nonlinear, without modifications
and all that is needed is to modify (5) accordingly. Different
techniques are available for discretizing (5) [2], [3], [11]. To
discretize (1) and (2), consider, as an example, the D_-field
component of (1)

jwD.=S;'0,H, — S, '0,H,. (6)

Dueto thefrequency dependence of S,, (n = =, y), thetransfor-
mation of (6) to the time domain will result in convolutions on
the right hand side [7] as

D, =8S,(t)* 0, H, — S,(t) 9, H, (7)
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where 9, is the partial derivative with respect to time, S,,(t), (
n = x,%), istheinverse Fourier transform of S;l and * repre-
sents the convolution operation. As the convolution in the time
domain is just amultiplication in the Z-domain [14], it is more
efficient to transform (7), firstly, into the Z—domain and then the
corresponding FDTD implementation can be obtained directly.
Hence, (7) can be written in the Z-domain as

(-2 os.on, -s,0oH  ®

where At isthetime step and S, (#), (n = «,y), isthe Z-trans-
form of S,,(¢) which can be obtained easily from S;* as

1—2t
S"?(Z) = 1 _ 2_16_077At/50 - (9)

Substituting (9) into (8), we obtain

D, (1 — z_l)
At(1—21)

- 1— ZflefcrIAt/so

At(1—z1)
1— Z—lefcryAt/so

OpH, — d,H,. (10)

Introducing the following auxiliary variables:
At

Jen= 1 — z—lg—0x4t/s axHy :C_UIAt/EDZ_leW +Ataﬂ?Hy
(11)
and
At —oy Atfe, —
fay= 1 — z—le—oyAt/e,o OyH,=c yAt/coy ley + Aty H,

12)
(10) can be written as

Dz (1 - Z_l) = fzrn - Z_lfzm - (fzy - Z_lfzy) .
Substituting (11) and (12) instead of f., and f., in (13)f

(13)

D.(1-2z7") = At(8,H, — 0,H,)
+ (efo'wﬂt/eo _ 1) Z*lfzm_(efcfy&t/so _ 1) Zﬁlf,;/y- (14)

Discretizing the space derivativesin (14) following Yee' s ago-
rithm [1] and using the fact that the —* operator correspondsto
adelay of one time step in the discrete time domain [14], (14)
can be written in FDTD form as

n—|—1/2 n—|—1/2
— " At (Hyi+1/2,j,k+1/2_Hyi—1/2,j,k+1/2)
J— |
Dzi,j,k+1/2 _D‘Zi,j,k+l/2 ' Az + (L)f"
Gza1 AT 5 k+1/2
n—|—1/2 n—|—1/2
At (Hri,j+1/2,k+1/2 - HTi,j—l/z,kJrl/z)
- (15)

Ay - gZyl(j)ngz’,j,k«f»l/Z

Where g.oq (i) = e 7 (D32 1, .1 (j) = e~ v DAz |
and Az and Ay are the space cell size in the z and ¥ direc-

tions, respectively, and the auxiliary variables fZ,. bt and
T saiaye A€ obtained easily from (11) and (12) as

fgﬂ?tlj,kﬂ/z = gZWQ(i)ZWi,j,kﬂ/z + AtA (16)

fgyti,wrl/z = gZyQ(j)ngz’,j,k«}»l/z + AtB (17)

where g..2(¢) = e~ o= (DAt gnd Gay2(J) = e ou(DAt/eo
Similar formulations can be obtained for the other D and B
field components. To complete the FDTD iterative cycle for
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Fig.1. Local error for the PML/computational domain interface along theline
(r, —25Avy) as observed at time 100A¢ using the Z-transform PML and the
split-field PML formulations for PML [8, 2, 0.1%] and lossless (¢, = p- = 1,
o =0.0)andlossy (¢, = ¢t = 1, = 0.01) FDTD domains.

computing £ and H field components, the proposed formula-
tions should be combined with the FDTD implementation of (5),
which can be obtained for different media by using techniques
similar to those described in [2], [3], [11]{13].

The auxiliary variables introduced above are stored only in
the PML regions. This is because o,(n = =,y,7) are zero
within the FDTD domains. The proposed formulations are ap-
plied only in the corner PML regions and simpler formulations
can beobtainedintheface and edgeregions[4], [5]. It should be
noted that the proposed formulations require the same number
of additional auxiliary variables, and hence the same numerical
cost, asthe formulationsin [7] and [9], but it has the advantage
of the simplicity in discretizing (1) and (2) in the PML region.
Finally, the proposed formulations can be extended for the gen-
eral expression of S, (n = z,y,z) [7].

I11. NUMERICAL STUDY

In order to validate the proposed method, a numerical study
has been carried out in a 2-D FDTD domain for the TM case.
In the following tests, the computational domain was chosen to
be 100A x 50A cells, where A = Ax = Ay isthe space cell
sizeinthez and y directions, and excited by apoint source at its
center. Thereference FDTD solutioniscalculated using alarger
computational domain (1400A x 1400A).

The performance of the proposed Z-transform PML was first
compared with the split-field PML formulations for lossless
(er = pr = 1, 0 = 0.0) and for lossy (&, = pr = 1,
o = 0.01) FDTD domains terminated by PML [8, 2, 0.1%)]
layer, as defined in [4]. The excitation used in this test, was the
derivative of the pulse used in [15]. This pulse was preferred as
it has low numerical grid dispersion [16]. The time step used
was At = 25 ps and the space cell size was 15 mm. In this
test, the discretization of (5) can be obtained in a straightfor-
ward manner [1]. Figs. 1 and 2 show the local and the global
errors, as defined in [15], for both cases. The local error was
calculated for the PML/computational domain interface along
theline (z, —25Ay) asobserved at time 100A¢. Two sets of re-
sults are presented: one for the Z-transform PML, and one for
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Fig. 2. Global error in the computational domain using the Z-transform PML
and the split-field PML formulations for PML [8, 2, 0.1%)] and lossless (¢, =
p-=10=0.0)andlossy (¢, = - = 1,0 = 0.01) FDTD domains.
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Fig. 3. Reflection coefficient for different PML layers as observed one cell
from the PML/computational domain interface at the point (—49Az, 0) for
lossy dispersive media.

the split field PML formulations. In the latter case, each D and
B field component in (1) and (2) is splitted into two subcompo-
nents[4]. It can be observed from Figs. 1 and 2 that, for thegiven
PML parameters, the Z-transform PML gives better absorbing
performance compared with the split field PML formulations.
The performance of the proposed formulations was also
tested for nonmagnetic lossy dispersive FDTD domain with
a dielectric property of £.(w) = oo + (65 —£00) /(1 +
jwto) + o/jwe, where e, is the infinite frequency per-
mittivity, ¢, is the static permittivity, ¢y is the relaxation
time and o is the conductivity of the medium. This model
is used to approximate the muscle tissue in the frequency
range 40433 MHz [11] with the parameters ., = 15,
es = 120, ty = 6.67 ns,and ¢ = 0.64 S/ m. The space
cell size was 10 mm and the time step was 16.67 ps. Fig. 3
shows the reflection coefficient for PML [4, 2, 0.1%], PML
[8, 3,0.1%] and PML [16, 4, 0.01%)] layers as observed one
space cell from the PML/computational domain interface at the
point (—49Az, 0). The reflection coefficient was calculated
as R(dB) = 20logy, |FF {EX(t) — EX (1)} /F {ER(®)}
where F'{.} is the Fourier transform operation, EX(¢) and
ET(t) are, respectively, the reference and the calculated FDTD

solutions. The spectrum of the excitation pulse used in this
test is aso shown in Fig. 3. Asit can be seen from Fig. 3, the
Z-transform PML provides good absorbing performance for
all PML layers over the frequency band of interest. It must be
noted that the discretization of (5) in thistest was carried using
the Z-transform theory described in [2].

IV. CONCLUSION

A simple method is presented for FDTD implementation of
the stretched coordinate PML formulations using the Z-trans-
formtechnique. The method hasthe advantage of the simplicity;
the FDTD implementation of the Maxwell’s equations in the
PML regionisobtained in avery simple manner. In addition, the
formulations are independent of the material properties of the
FDTD domain, and hence general lossy, dispersive, anisotropic
and nonlinear media can be truncated easily. Numerical tests
show that the proposed Z-transform PML formulations give
good absorbing performance for lossless, lossy and dispersive
FDTD domains.

REFERENCES

[1] A.Tafloveand S. C. Hangess, Computational Electrodynamics: The Fi-
nite-Difference Time-Domain Method, 2nd ed. Boston, MA: Artech
House, 2000.

[2] D. M. Sullivan, “Frequency-dependent FDTD methods using Z-trans-
forms,” IEEE Trans. Antennas Propagat., vol. 40, no. 10, pp.
1223-1230, 1992.

[3] ——, “ Z~transform theory and the FDTD method,” |EEE Trans. An-

tennas Propagat., vol. 44, no. 1, pp. 28-34, 1996.

J.-P. Berenger, “A perfectly matched layer for the absorption of electro-

magnetic waves,” J. Comput. Phys., vol. 114, pp. 185-200, 1994.

[5] W.C.ChewandW. H. Weedon, “A 3-D perfectly matched medium from
modified Maxwell’ s equation with stretched coordinates,” Microw. Opt.
Technoal. Lett., val. 7, no. 13, pp. 599-604, 1994.

[6] Z.S.Sacks, D.M.Kingsand, R.Lee, and J. F. Lee, “A perfectly matched
anisotropic absorber for use as an absorbing boundary condition,” |EEE
Trans. Antennas Propagat., vol. 43, no. 12, pp. 14601463, 1995.

[7] J. A. Roden and S. D. Gedney, “Convolution PML (CPML): An effi-
cient FDTD implementation of the CFS-PML for arbitrary media,” Mi-
crowave Opt. Technol. Lett., vol. 27, no. 5, pp. 334-339, 2000.

[8] R.J.Luebbers, F. Hunsberger, and K. S. Kunz, “ A frequency-dependent
finite-difference time-domain formulation for transient propagation in
plasma,” |EEE Trans. Antennas Propagat., vol. 39, pp. 29-34, 1991.

[9] O. Ramadan, “Auxiliary differential equation formulation: An efficient
implementation of the perfectly matched layer,” |EEE Microwave Wre-
less Comp. Lett., vol. 13, no. 2, pp. 6971, 2003.

[10] A. P Zhao, J. Juntunen, and A. V. Réisénen, “Generalized materia-in-
dependent PML absorbers for the FDTD simulation of electromagnetic
wavesin arbitrary anisotropic dielectric and magnetic media,” |EEE Mi-
crowave Guided Wave Lett., vol. 8, no. 2, pp. 52-54, 1998.

[11] D. M. Sullivan, “A frequency-dependent FDTD method for biological
applications,” |EEE Trans. Microwave Theory Tech., vol. 40, no. 3, pp.
532-539, 1992.

[12] O.P Gandhi, B. Q. Gao, and J. Y. Chen, “ A frequency-dependent finite-
differencetime-domain formulation for general dispersivemedia,” |IEEE
Trans. Microwave Theory Tech., vol. 41, no. 4, pp. 658-665, 1993.

[13] Q. H. Liu, “PML and PSTD algorithm for arbitrary lossy anisotropic
media,” |EEE Microwave Guided Wave Lett., vol. 9, pp. 48-50, 1999.

[14] J. G. Proakis and D. G. Manolakis, Digital Sgnal Processing: Prin-
ciples, Algorithms and Applications, 3rd ed. Englewood Cliffs, NJ:
Prentice-Hall, 1996.

[15] P A.Tirkas, C. A. Balanis, and R. A. Renaut, “Higher order absorbing
boundary conditions for the finite-difference time-domain method,”
|EEE Trans. Antennas Propagat., vol. 40, no. 10, pp. 1215-1222, 1992.

[16] O. M. Ramahi, “Complementary operators: A method to annihilate arti-
ficial reflectionsarising from the truncation of the computational domain
in the solution of partial differential equations,” |EEE Trans. Antennas
Propagat., vol. 43, no. 7, pp. 697-704, 1995.

[4

=



	MTT025
	Return to Contents


